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Abstract
We propose a semi-parametric Bayesian model, based on penalised splines, for the recovery of the topology of
an interaction network from longitudinal data. Our motivation is inference of gene regulatory networks from
low resolution microarray time series (10 50 time points). Parenthood relations are mapped by augmenting
the model with kinship indicators and providing these with either an overall or gene-wise hierarchical structure. Appropriate specification of the prior is crucial to control the flexibility of the splines, especially under
circumstances of scarce data; thus we provide an informative, proper prior and analyse sensitivity. The posterior
is analytically intractable and numerical methods are needed. A Metropolis-within-Gibbs sampler is proposed,
with a novel Metropolis-Hastings step for sampling the topology and the spline coefficients simultaneously. We
also construct a linear model for comparison purposes. Model fit is illustrated using synthetic data drawn from
ODE models and and gene expression from an experimental data set of the Arabidopsis thaliana circadian rhythm.
Keywords: Circadian clock, Gibbs variable selection, Markov process prior, non-linear gene regulatory networks, P -Splines regression, time course gene expression data.
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I NTRODUCTION

Modern DNA sequencing technology has enabled the genome of many organisms to be determined ranging from
small unicellular genomes such as those of bacteria and yeast, to complex large genomes, such as for humans (see
e.g. www.ncbi.nlm.nih.gov and www.ebi.ac.uk). Knowledge of the genome is fundamental, given that gene/protein
interactions are responsible for cell (and tissue) function. A key component of this interaction process is gene
regulation, specifically the degree to which a gene is expressed, when, and for what duration. Gene expression
is the conversion of the (sequence) information in the gene into messenger RNA (mRNA) by a process termed
transcription and then to a functional protein by translation, resulting in the phenotypic expression of the gene.
Gene expression, quantified as the amount of mRNA, can be measured by a number of technologies, the most
common being microarrays although sequencing (RNA-seq) is becoming increasingly popular. Despite knowledge
of the genome sequence, a key issue is identifying what events and which proteins control expression of individual
genes. This information cannot presently be determined from the genome sequence alone.
Gene regulation is a complex process, the actual regulators being proteins, or complexes of proteins that bind
just upstream of the gene and regulate the rate of that gene’s transcription. Various processes can regulate the
amount of active protein at a given time, regulation that depends on the nature of the organism and the specific
gene. Specifically, regulation can occur through the rate of transcription, modification of the mRNA (e.g. splicing),
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decay rate of the mRNA, the rate of translation, the folding efficiency of the protein, the decay rate of the protein
and through a number post-translational modifications, such as phosphorylation, that affect the activity of the
protein, i.e. its capability of carrying out specific functions. Regulation of a gene’s transcription rate is then an
integration of all these processes applied to its regulators, coupled with the kinetics and combinatorics of those
regulators in binding to the gene’s regulatory sequences. In this manner, by mapping gene regulation back to genes,
we obtain a vast interconnecting gene regulatory network (grn). Many biotechnical and medical problems have
at their core a grn, for instance, the immune system (Gilchrist et al., 2006), the mode of action of antibiotics
(Kohanski et al., 2008) and crop yield (Yin et al., 2004).
The complexity of gene regulation, and the complex association of steps from transcription through to functional protein make inference of gene-gene regulatory interactions from mRNA data difficult; essentially we only
have transcriptional changes, both in the regulator and regulatee from which to infer regulatory interactions. The
catalogue of post-transcriptional changes mentioned above are extremely difficult to measure on a global basis, and
a partial analysis can only be performed on a small number of select proteins. From a modelling standpoint, a
grn can be thought of as a directed graph, with the nodes representing genes and the edges regulatory relationships
(Gardner et al., 2000; Hache et al., 2009; Hartemik, 2005; Ronen et al., 2002). One of the main obstacles when retrieving the interaction structure, i.e. the topology, of a grn is the combinatorial growth of the network topology
space with respect to the number of genes considered. Further, it has been proven that finding the maximum a
posteriori (MAP) network is an NP-hard problem (Shimony, 1994). Thus, several approximations to estimating the
topology of the network have been proposed, for instance, Chen and Zheng (2009), Ahn et al. (2009) and Schäfer
and Strimmer (2005) use (partial) correlations as an association measure and select the significant edges by controlling for the false discovery rate; while Faith et al. (2007) employs a variant of the Kullback-Liebler divergence as
a measure of association and selects the edges by testing the estimated divergences against a background distribution
of the scores related to the relevant node. Reviews are provided i.a. Bansal et al. (2007), Jaffrezic and Tosser-Klopp
(2009) and Yu et al. (2004).
In any living organism, the cell has to cope with a plethora of environmental conditions, and thus has readily
available adaptation mechanisms. For any specific process, typically only a small fraction of the genome is active,
e.g. the SOS pathway in Escherichia coli (Courcelle et al., 2001). This modularity and specialisation gives the regulatory network a key characteristic that is vital in inference, essentially the network is sparse with considerably fewer
than the G.G

1/ possible interactions on G genes.

Using time series data, our main objective is inference of grns. In particular, we are interested in inferring the
gene regulatory kinships for a given process. When stated in a graphical manner such relationships are represented
as edges and the genes as nodes; these edges can be directed or not, and feedback loops and cliques may or may not
be allowed. One very well known example of such graphs is a directed acyclic graph, characterised by directed edges
and a tree structure (Bang-Jensen and Gutin, 2009; Jensen and Nielsen, 2007). From a Bayesian perspective, which
will be followed in this paper, these are usually estimated using Bayesian Networks (Cowell et al., 1999; Lauritzen,
1996).
Bayesian networks (BN) have been used previously in gene network determination (Friedman, 2004; Friedman
et al., 2000; Hongqiang et al., 2005). However, it is well known that biological processes have feedback loops and
thus the validity of BNs is questionable when modelling such systems. Dynamic Bayesian networks (dbn) have
been proposed for modelling time course (longitudinal) gene expression data (Cao and Zhao, 2008; Kim et al., 2003;
Murphy and Mian, 1999; Perrin et al., 2003; Zou and Conzen, 2005). These can be thought of as “unfolding” a BN
for every time point and when folding back the network self-regulation and cliques may be obtained. Formally,

a dbn is characterised by a set of conditional relations, p y t C1 j y t . In the case of a regression based dbn these

relations can be written as yit C1 D fi y t C "ti C1 , where yit is the measurement of gene i D 1; : : : ; G, at time
˚
t
t D 1; : : : ; T , y t D y1t ; y2t ; : : : ; yG
and "ti is an idiosyncratic error term. The functional forms of the interactions,
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fi ./, are usually unknown. Whether or not @fi y t =@yjt  0 defines the topology of the network. The interaction
topology is key in grn, as it determines the causal relations in the gene regulatory dynamics for a given biological
process. In turn, the estimated network can be used to propose new experiments —e.g. gene knockouts— to further
understand said process. This programme of experimenting-modelling-hypothesising-experimenting is at the heart
of Systems Biology.
Irrespective of the actual form of fi ./, dbn are typically heavily parameterised. If we consider a network of G
genes, we need to estimate G 2 interactions (edges), in addition to any other parameters involved in the model. A
common approach is to assume the simplest form of interaction, specifically a linear form. In biochemical reaction
modelling, regulatory relations are frequently modelled as systems of ordinary differential equations (ODEs), with
monotonic functional interactions, and thus linearity is justified as a first order Taylor expansion (di Bernardo et al.,
2005; Bonneau et al., 2006; Gardner et al., 2003). Frequently, however, the linear assumption does not hold in practice. This may be due to a large spacing between measurements, thus rendering the linear approximation invalid.
Another reason is that some of the interactions are indeed highly non-linear, given the extensive set of processes
involved in protein expression, and the fact that regulators often work together, either synergistically, for instance
through binding to form a larger complex, or antagonistically, for instance competing for binding to overlapping
regulatory regions on the genome. Further, even when linearity is appropriate, its range may be limited through
saturation effects (e.g. unlimited amounts of mRNA cannot be produced), or there may be a minimum amount of
any given regulator required in order for a reaction to take place or to be detectable by the measurement device.
Linear specifications of the network interactions are incapable of capturing such effects. Specific forms of nonlinearity for the interactions can be assigned (power, exponential, Michaelis-Menten, etc.); however, misspecification
of the actual shape may yield a spurious estimate of the network topology.
A flexible way of including unknown non-linearities, and thus avoiding model selection issues, is to use a semiparametric specification by letting the interactions be described by spline functions. There is a vast literature on
spline curve smoothing (Denison et al., 1998; Dierckx, 1993; Fan and Gijbels, 1996; Wahba, 1990; Wand and Jones,
1995) and spline regression (Biller, 2000; Green and Silverman, 1994; Marx and Eilers, 1998; Wu and Zhang, 2006).
Within grns, smoothing of discretely observed gene expression time series with splines to aid in the retrieval of
grns has been advanced by e.g. Gustafsson et al. (2005), Opgen-Rhein and Strimmer (2006), Toyoshiba et al. (2004),
while Kim et al. (2004) use spline regression for grn inference. One fundamental problem when using spline
regression is knot selection which greatly influences the curve fitting. One efficient solution is to select a few well
placed knots for a given spline degree. This implies determining both the optimal number and position of the
knots, which is typically addressed by means of a trans-dimensional mcmc scheme (Denison et al., 2002; DiMatteo
et al., 2001; Ferreira et al., 2008) or by cross-validation (Friedman, 1991; Ruppert, 2002). The efficiency gained in the
modelling may be offset by mixing problems in the sampler, due mainly to the vast space that must be explored and
the associated computational problems, or by the unwieldy amount of comparisons required for cross-validation.
Our approach avoids such issues by relying on P -splines (Brezger and Lang, 2008; Eilers and Marx, 1996; Lang
and Brezger, 2004), which are characterised by specifying a rather large number of evenly spaced knots. Then, in
order to avoid over-fitting and also to control for the effective number of parameters to be estimated, a penalty
that shrinks the spline coefficients towards the origin is specified. Such a penalty depends crucially on a so-called
smoothness parameter. Imoto et al. (2002) propose a semi-parametric P -spline regression model for grn retrieval,
optimising the smoothness parameter using a modified BIC and then performing a greedy search on the network topology space. Imoto and Konishi (2003) discuss the use of a modified AIC for optimising the smoothing parameter
in a similar context. In this paper, we propose a fully Bayesian set up for dealing with this smoothness parameter
and discuss the implications of alternative prior specifications for this key model component.
Nonlinear interaction models entail a larger number of parameters compared to the linear case. Given the
underdetermined nature of network inference typically presented by microarray data on small time series data
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sets, this increase in complexity needs careful handling. Our solution is to impose sparsity on the network, as is
biologically justified, through use of a spike-and-slab prior. We augment our model with kinship indicator variables,
and determine the network topology by carrying out a Gibbs variable selection procedure. This leads to a dramatic
improvement in power, and thus the availability of information on many of the inferred links. Through careful
construction of a prior to control spline complexity, we achieve a balance between limited information and model
complexity.
Given the significant interest in estimating grns, there is a vast growing literature on this problem. Most of
the approaches dealing with longitudinal grns are based on autoregressive models, and given that the number of
time measurements is rather small, an AR(1) specification is pervasive. For instance, Opgen-Rhein and Strimmer
(2007) uses a linear AR(1) specification for the regulatory interactions and shrink the AR coefficients using a JamesStein type estimator. Network retrieval is performed by identifying the significant partial correlations by means
of a local false discovery rate. Lèbre (2009) proceeds in a very similar fashion, from the same linear setup partial
regression coefficients are tested to reduce the space of possible links. The final network is obtained by performing
a further t -test on the estimated regression coefficients of the restricted network. In contrast, our splines model
is semi-parametric, allowing for non-linear interactions within a context of simultaneous topology (edge) selection
achieved through use of Gibbs variable selection.
The model proposed is presented in Section 2, where we also discuss the prior specification. Given that it is
common to specify an improper prior for this kind of model, we provide sufficient conditions for posterior propriety, and also provide an alternative, proper prior. The resulting posterior distribution is intractable analytically and
in Section 3 we provide an mcmc scheme for sampling the posterior with a novel Metropolis-Hastings step which
improves mixing and convergence of the chain. Section 4 illustrates the application of our model to three examples,
where we reconstruct the corresponding networks and assess their accuracy. We also provide some guidelines for
calibrating the prior. Conclusions and possible extensions are given in Section 5. Data sets and Matlab code used in
the paper are available upon request.

2

T HE MODEL

Let ygt denote the gene expression measurement of gene g D 1; : : : ; G, at time t D 1; : : : ; T . We propose to model
it as

ygt D tg C "tg ;

(1)

where tg is the predictor and "tg is an idiosyncratic error term, centred at zero. We assume that tg is determined by some unknown subset of the genes at the previous time point, and that the error terms are Gaussian and
independent for all genes and time points. Thus, we can write (1) as
ygt D g y t
with y t

1

˚
D y1t

1

t
; : : : ; yG

1

1


I g C "tg ;


"tg  N "tg j 0; g

ind :

(2)

, g a set of parameters indexing g .I / and g 1 D Var."tg /.

In order to accommodate nonlinearities, we use a flexible, non-parametric setting for the mean level, based on
B-splines (Eilers and Marx, 1996). Thus,
tg D fg1 y1t



1

C fg2 y2t



1

t
C    C fgG yG

where
fg i .yi/ D

M
X
kD1

g
ˇik
Bik .yi/ :



1

C g ;

(3)
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Here, g is a gene-specific constant term, M D r C l is the number of spline basis functions, Bik .yi /, of degree l,
defined over the set, i D fi1 ; : : : ; irg, of r evenly spaced knots,
min fyig D i1 < i2 <    < ir D max fyig :
The basis functions Bik are nonzero only in a domain spanned by 2 C l (adjacent) knots. By defining the spline

design row vectors Xjt 2 RM , such that Xjt .k/ D Bj k yjt , we can rewrite the predictor as
tg D X1t

1

t 1
ˇ1g C    C XG
ˇGg C g

n
o
g
g
with ˇjg D ˇj1 ; : : : ; ˇjM 2 RM a column vector of coefficients for j D 1; : : : ; G. If kˇjg k  0, there is

negligible influence of gene j on gene g, and thus deem the link from j to g as off. If the link is on, then we say

that j is a parent of g.

˚
t
2 RM G and ˇg D fˇ1g ; : : : ; ˇGgg 2 RM G ,
Stacking the bases and the coefficients into X t D X1t ; : : : ; XG
respectively, we can express the model as ygt C1 D g C X t ˇg C "tg and after further stacking the equations over
time we have,

yg D g C X ˇg C "g ;

g D 1; : : : ; G ;
(4)
˚
0
where g D g 0T , with T a row vector of ones of size T and X D X 1 ; X 2 ; : : : ; X T a bases matrix of size
ŒT  M G . This model is unidentifiable given that every potential parent spline contributes with its own constant
term. To correct for this, we add the identifiability restriction T  ŒX ˇg  D 0. We describe its implementation

within the sampling scheme in Section 3.

As it stands, (4) would require at least M  G data points per gene to be estimated. If the number of time

measurements is relatively small, one would need to select a rather small number of knots, thus effectively reducing
the capacity of the splines to capture non-linearities. Furthermore, in genetics applications data are typically obtained from high throughput methods, such as microarrays, providing measurements from hundreds to thousands
of genes at every time point, while the actual number of time measurements, T , is generally not more than a few
dozen. It is then necessary to introduce some degree of sparseness into the link structure, i.e. restrict the number
of potential parents, in order to carry out any estimation. Also, it is well known that in any given biological process, typically only a handful of genes are responsible for gene activity, and thence this restriction arises naturally.
We accommodate this idea by performing a Gibbs variable selection as in Smith and Kohn (1996). The model is
augmented with the indicators

jg ,

žjg D

such that

jg

 ˇjg

where

jg

D

˚

1

the link is on

0

the link is off

:

and substituting these new coefficients into the model. From a Bayesian perspective this can also be thought of as
a spike-and-slab prior specification (Ishwaran and Rao, 2005; Mitchell and Beauchamp, 1988) on the spline coefficients. The practical advantage of augmenting with the indicators,

jg ,

the network topology, now parameterised by the connectivity matrix,

2.1

is that it allows us to make inference about
Df

jgg.

T HE P RIOR

Here we complete the specification of our Bayesian model by formalising the prior specification. Conditionally
conjugate priors are used where suitable, which simplifies the sampling algorithm.
We take particular care when specifying a shrinkage or penalty prior for the spline coefficients, as this determines the smoothness of the functional form fitted. It will become apparent that in the cases where the data is scarce,
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this part of the prior is crucial and therefore we discuss some alternatives and perform associated sensitivity analyses. We assume that the data have been standardised (zero mean and unit variance for each gene), so we need not
introduce gene specific scalings in the prior.
Precisions We use conjugate, iid gamma priors, Ga.g j a ; b/, on the gene precisions,  = f1 ; : : : ; Gg,
./ D

ba
a
Œ a  g

G
Y
gD1

1

exp Œ b g  :

(5)

Constant term An independent Gaussian prior, N. j 0;  I/, for the gene-specific constant,  = f1 ; : : : ; Gg
./ D

  G=2


2

exp

h 
i

0  :
2

(6)

Network structure We provide two alternatives for modelling the network topology. The first is to define the


overall network connectivity, , as P jg D 1 D  and complement it with a Beta prior, Be. j a ; b/. The
full specification is then,

.

jg

j / D 

jg

/1

.1

./ D ŒB.a ; b /

1

jg

;

 a

1

(7)

g; j D 1; : : : ; G ;
.1

/b

1

(8)

0<<1:

It is well known that grns often present hub-like structures, where a handful of genes control the regulation
process almost completely and with the rest of genes having very few children, if any (see e.g. Seo et al., 2009,
and references therein). One can capture such features by allowing for parent-wise connectivity, P Œ jg D 1 D

j , and complementing it with independent priors, i.e.
.

jg

j j/ D j jg .1

j/1

.j/ D ŒB.a ; b /

1

jg

a

j 

;
1

(9)

g D 1; : : : ; G ;
j/b

.1

1

(10)

j D 1; : : : ; G :

The hyperparameters fa ; bg, convey our prior knowledge about the connectivity of the network and can

be set accordingly. For general purposes, we recommend setting both equal to 1=2, as this is the reference
prior for a Bernoulli experiment (Bernardo and Smith, 1994). If biological knowledge of the process demands
it, it is straightforward to fix any link to be deterministically on (off) by setting
prior accordingly.

rl

D 1.0/, modifying the

Spline Coefficients We use the prior on the coefficients ˇjg to shrink them towards the origin. One option is to
penalise using a Gaussian process prior as in Speckman and Sun (2003). However, we follow Eilers and Marx
(1996), specifying a second order Markov process prior
.ˇjg j jg/ D N.ˇjg j 0; jg K/ :

(11)

Where jg are the smoothness parameters addressed below. The structure of the covariance matrix, K, is
constructed from the second order differences between adjacent coefficients, i.e., ˇk D 2 ˇk
omitting link identifiers for simplicity. Thus,
K.M; M

2/ D 1 ;
K.M; M

K.M
1/ D

2;

2; M

1/ D

K.M

4;

1; M

K.M; M/ D 1 ;
1/ D 5 I

1

ˇk

2,
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and for all i; j 2 f3; : : : M

7

2g,

K Œi; j  D

˚

0

ji

jj > 2

4 ji

jj D 1

1

ji

jj D 2

6

ji

jj D 0

:

The two remaining coefficients are given a constant (improper) prior .ˇ1 ; ˇ2/ / 1.
Smoothness parameters In the case of small data sets the specification of the smoothness parameters, jg , becomes
crucial as these largely determine the fitting of the spline to the data. In the limit, when jg ! 0 an interpol-

ating spline is fitted, while as jg ! 1 a straight line is rendered. Various alternatives have been proposed for

dealing with the smoothing parameters (Belitz and Lang, 2008; Kohn et al., 1991; Speckman and Sun, 2003;
Wand, 1999). Following Fahrmeir and Lang (2001) and Lang and Brezger (2004), we perform a full Bayesian
analysis and specify priors for the smoothing parameters.
The conditionally conjugate prior is the product of independent gamma distributions, Ga. j a ; b/. This
specification concentrates mass around a =b and has a relatively large right tail for small values of b . It is
common to find in the literature a D b and set to quite small values, e.g. 0.001. This indeed is quite flat

over a large range of , but has a mode at zero effectively giving relative importance to rougher curves and
thus favouring over-fitting when the data is only weakly informative. On the other hand, if mass is carried
towards larger values of  —thus favouring smoother curves— the gamma distribution tails off quite quickly

to the left and experiences difficulties capturing non-linearities, (see e.g. Jullion and Lambert, 2007).
In order to obtain a more flexible prior specification, while retaining the conditional conjugacy, we also tried
a gamma scale mixture of gammas. The resulting gamma-gamma distribution (Bernardo and Smith, 1994,
p. 120; Zellner, 1971, p. 376), can achieve a larger spread than the gamma and also has a heavier right tail.
It may also not have any moments for certain parameter values. Despite these desirable characteristics, we
found that the heavy right tail of this prior, combined with the flatness of the likelihood in regions where 
is very large can lead to identifiability issues. This can be understood since there exists a threshold value,  ? ,
for which the fit of the spline is practically linear and thus indistinguishable for any  >  ? .
This lead us to propose an inverted Pareto prior, Ip. j a ; b/:
.jg j a ; b/ D

a
b



jg
b

a

1

;

jg  b ; a > 0 :

(12)

We restrict a  1, to prevent concentration of mass near the origin. Setting a D 1 is tantamount to putting

a uniform prior on .0; b/. If a > 1, the prior behaves as a power function and gathers mass closer to b as a

grows, thus favouring smoother curves. Values of a > 3 allocate too much mass close to b and thus are not
advisable, unless there is prior evidence for high levels of linearity. The cut-off value b can be interpreted
as that level of  after which the likelihood is numerically invariant, i.e. the fitted curve is practically linear.
Determining the value of b could be done, for instance, by cross-validation if feasible; otherwise, a sensitivity
analysis should be carried out.
The resulting conditional posterior is amenable to a Gibbs step, requiring sampling from a truncated distribution. Details are given in Section 3.
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2.1.1

P OSTERIOR PROPRIETY

Fahrmeir and Kneib (2009) discuss conditions for posterior propriety using this covariance structure and different
alternatives for the smoothing parameters within the context of structured additive models. We provide a result
justifying an extension of this prior for grn inference. The proof is standard and therefore omitted.
Theorem 1.

˚
Consider the longitudinal data set Y D ygt , consisting of g D 1; : : : ; G genes measured at times t D 1; : : : ; T ,

modelled as (4) and with prior given by (5)–(12). Denote by G ? the number of parents of gene g. Let
Kg D blkdiag Œ1g K; 2g K; : : : ; G ? g K 

and

g

D Xg0 Xg C Kg :

Where Xg is the design submatrix conformable to G ? . Then, the posterior distribution of fˇ1 ; : : : ; ˇG ; g is proper if
g

is positive definite for every g and M  G ? < T .

Given that in most of our applications we will only have a limited number of time measurements compared to
the number of genes, this leads to an improper posterior if the prior was not proper, since the number of parents
for any given gene only needs to exceed T =M . To construct a proper prior we supply (11) with an independent
specification for the first two coefficients,
.ˇ1 ; ˇ2/ D N.ˇ1 j 0; k1/ N.ˇ2 j 0; k2/ :

(13)

Including these into the covariance structure we have,
K.1; 1/ D .1 C k1 =/ ;

K.1; 2/ D

2;

K.1; 3/ D 1 ;

K.2; 2/ D .5 C k2 =/ ;

K.2; 3/ D 1 :

for the appropriate smoothness parameter,  . To approximate the behaviour of the improper prior, we could let
k1 ; k2 ! 0. In situations where the data is scarce, we do not recommend this, as it will affect the stability of the
posterior (Lambert et al., 2005; Sun and Speckman, 2008). In our applications, we set k1 D k2 D 0 .

3
3.1

I MPLEMENTATION
P - SPLINES

MODEL ALGORITHM

Combining the likelihood (4) with the prior (5)–(13) and letting  denote all the model parameters we obtain,
. j X ; Y/ /

Y
g

NT yg j g C X žg ; g IT

 Y
g

.ˇg j g/ .g/ .g/ .g/ .

g


j g/ .g/ ;

D f 1g ; : : : ; Ggg and g D f1g ; : : : ; Ggg. As there is no closed
form expression for the posterior numerical methods are needed. We propose a Metropolis-within-Gibbs scheme

where IT is the identity matrix of size T ,

g

which is drafted below.
Precisions The full conditional of g , g D 1; : : : ; G is given by
.g j —/ /

gT =2Ca 1 exp




1
g b C yg
2

which is the kernel of a gamma distribution.

g

0

X žg

yg

g




X žg
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Constant term g is conditionally Gaussian, with mean and precision
mg D
respectively, where yxg D T

1

P

t

yxg Xx žg
g C  =T

 0  D  C T g ;

and

ygt and Xx D T

1

P

X.

t

Connectivity If (9)–(10) is used, the full conditionals for the gene-wise connectivities, g , are obtained as
S Ca 1

.g j —/ / g g

.1

g/GCb

Sg 1

and are sampled from a Be.g j Sg C a ; G C b

with

Sg D

G
X

gi

i

for g D 1; : : : ; G ;

Sg/.

If (7)–(8) is used instead, the overall connectivity, , is sampled from a Be  j S C a ; G 2 C b
PG
SD
gD1 Sg .


S , with

Smoothness parameters When the corresponding link is on, the full conditional is given by
.M

.jg j —/ / jg

2/=2Ca

1

exp



jg

1 ž0
K žjg
2 jg



;

0 < jg < b

and can be nsampled from a truncated gamma
distribution (Damien and Walker, 2001; Gentle, 2003) with
o
0
parameters .M 2/=2 C a ; žjg K žjg =2 . An observation is drawn from the prior when the link is off.
Spline Coefficients and link probabilities The update of the spline coefficients and indicator variables is performed as a block. Specifically, the update of a given indicator variable

jg

and all the coefficients of the

regression for gene g, ˇg , are performed simultaneously. In practice, as the regression is sparse, only a few
links are actually present drastically reducing this computation. At every iteration, the individual link indicator

jg

is turned on (off) if it is off(on) and the associated coefficient, ˇg 2 RM G , for present links (on) is

proposed from the joint conditional, schematically:

and

W0!1
with acceptance probability
˛ D min

(


žb q.ˇ a j

ža q.ˇ b j

where the subscripts have been omitted for clarity.
q.ˇ j

ˇ W ˇa ! ˇb
a /q. a /
b /q. b /

; 1

)

;

is proposed symmetrically, thus q.

/ we use the proposal

a /=q. b /

D 1. For

q.ˇ j —/ D N.ˇ ; ˙ˇ /
with



˙ˇ D g Xg0 Xg C g

and

ˇ D g .yg

g /Xg ˙ˇ 1 ;

where g is the block diagonal penalty (precision) matrix, calculated by multiplying each block in Kg times
the corresponding jg . Note that, as only the coefficients with non zero indicator variable are updated, Xg ,
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yg and g are adjusted to only include the appropriate elements. Substituting this in the Hastings ratio gives



1

.M



0 jg


ˇ ˇ1=2
1 b
1b
b
exp ˇ ˙ˇ ˇ ˇˇ˙ b ˇˇ
ˇ
2
2/=2
ˇ ˇ

:
1 a
ˇ a ˇ1=2
1a
a
exp ˇ ˙ˇ ˇ ˇ˙ˇ ˇ
2

The opposite move (switching an indicator variable off) can be performed using the reciprocal of the ratio
above.
h
i
In order to enforce the identifiability restriction, at each step we calculate m
N g D T  X žg , for every gene,

subtract it from the splines and add it to the constant term, g .

Our sampler exploits the conditional independence structure of the model. We constructed a parallel scheme
where the calculation for each parent is assigned to a cpu-node, these communicating only when the overall connectivity is updated and for sample recording. Gains in computation times can potentially be up to n-fold, with n
the number of cpu-nodes used.

3.2

A

LINEAR MODEL

In order to compare the network retrieval power of the splines model, we constructed a fully parametric, linear
AR(1) model
ygtC1

D g C

G
X
j D1

ˇjg yjt C "tg ;

(14)

with the same prior specification as above, deleting the irrelevant terms. We would like to emphasize that (14) is
used for comparison purposes only. Although the basic interaction dynamics are similar to those used in e.g. Lèbre
(2009); Opgen-Rhein and Strimmer (2006), the way network topology estimation is carried out varies significantly.
Clearly, the latter models outperform our implementation in terms of speed; however, our Bayesian formulation is
capable of providing measures of variability on all model parameters, including the network topology. Further, by
using an identical prior structure (up to the relevant terms), we can focus on non-linear departures alone.

3.3

I MPROVING

CONVERGENCE

The last move in Section 3 leads to a dramatic decrease in autocorrelation of the Markov chain, compared to a Gibbs
move. Indeed, a common approach in these cases is to use a full Gibbs specification, with a full conditional Bernoulli
distribution on the

jg

and a full conditional Gaussian for the coefficients ˇjg . The latter requires the introduction

of a so-called pseudo-prior which needs to be tuned to improve the mixing of the chain (Dellaportas et al., 2000;
Ntzoufras, 2002; O’Hara and Sillanpää, 2009). In order to assess the gains in mixing, we implemented a full Gibbs
sampler for (14). When chain mixing is compared, the advantage of our MH update becomes apparent as illustrated
in Figure 1, obtained by running both samplers on the non-linear synthetic data described in Section 4.1. The top
panels plot the number of times that link was switched during the mcmc run against the posterior probability of
the link being present. One would expect that links with probabilities around 1=2 would change more often, as in
Figure 1b. However, the Gibbs strategy tends to mix more slowly, as shown in Figure 1a. Although the MH step is
more computationally demanding, the benefit brought about by the improved mixing of the chain, quantified by
the reduction in autocorrelation (ACF), offsets this cost easily (compare Figure 1c with Figure 1d). Given that the
parameter space of the splines model is much larger than the linear one, the benefits of using this move, compared
to the full Gibbs alternative are expected to be even greater.
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11

(a) Gibbs strategy.

(b) Metropolis-Hastings.

(c) ACF 15 , Gibbs strategy.

(d) ACF 15 ,
Metropolis-Hastings.

Figure 1. Chain mixing comparison of the Gibbs and MH strategies. Top panels plot the number of state changes of
a link during the MCMC run against its posterior probability. The bottom panels show the autocorrelation function
(ACF) for a single link’s precision (gene 15).

4

I LLUSTRATIONS AND APPLICATIONS

Here we illustrate the implementation and performance of our P -splines regression model with three examples.
First we analyse two synthetic, discrete time data sets where the data generation mechanism and the topology of
the network are known. Secondly, we examine a synthetic data set comprising discrete time measurements drawn
from a continuous time ODE model of a circadian clock. For our last example, we use microarray gene expression
data from the Arabidopsis thaliana circadian clock.
In all our applications, we include a slight modification of the structure of the network topology to that described in Section 2.1. We know from the context that each gene has a decay term, corresponding to mRNA decay.
We include this information in the prior by fixing

gg

D 1. As we also know that this decay is close to linear,

we set the shape of the inverted Pareto prior for these smoothing parameters to thrice the value used for the rest,
i.e. agg D 3  aij ; i 6D j .

The splines and linear models were fitted using the overall and gene-wise connectivity specifications. Throughout, 13 bases were used. Prior parameters were set to fa ; bg = f1=2; 1=2g, fa ; bg = f2; 0:01g,  D 1=4, 0 D 0:25

and fa ; bg = f1:5; 104g. We ran two parallel chains of length 105 , dropping the first 104 steps and then recording
every tenth draw. We performed some sensitivity analyses, varying a from 1 (uniform prior) up to 3, setting

a D b D 1; 2 and using flatter versions of the prior for  by setting a D 1; 0:1, without finding noteworthy

differences. Convergence was assessed by comparing both chains graphically and by formal tests using the coda
package (Plummer et al., 2006).

4.1

D ISCRETE

TIME SYNTHETIC NETWORKS

In order to assess the network topology recovery power of our model, we produced two synthetic, first order
autoregressive processes. One has only linear and the second a number of non-linear (S-shaped) relations. In the
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non-linear case, all the functional relations were produced using Hill functions, except for the self-interactions
which are linear. In both cases we set G D 16, T D 40, and   0:1.
The models with gene-wise and overall connectivity produced almost indistinguishable estimations for the
network topology and thus we report the results for the simpler model only. In Figure 2a we plot the marginal
posterior and prior distributions of the model precisions, g (for a selection of the genes only, to avoid clutter). We
also performed a sensitivity analysis on , fixing the prior parameters a D b D 2. As shown in Figure 2b, the

posterior was practically unaffected by this change.

(a) Precision posteriors.

(b) Connectivity posterior.

Figure 2. Marginal posterior distributions calculated when fitting the splines model to the non-linear synthetic data
set. (a) The posterior for a selection of the gene precisions, g and the corresponding prior. (b) The posterior of the
overall-connectivity, , from two different priors, a D b D 1=2 and 2. In both panels priors are depicted by the thick
(red) dashed lines.

When the topology of the network is known, we can use the Receiver Operator Characteristic (roc) curve to
assess graphically the retrieval performance of a model (Pepe, 2000; Sing et al., 2005). A more formal comparison
can be carried out by calculating the area under the roc curve (auc): the closer the auc to one, the better the
retrieval. For the linear data set these were 0.999 for the fully parametric model and 0.998 with the splines; and
when fitting the non-linear data set we obtained 0.728 and 0.912, respectively. An alternative measure of fit is the socalled mean cross entropy (MxE), calculated as the Kullback-Leibler divergence from the known network topology
to that estimated by y , averaged over all possible links. MxE is bounded from below at zero, when the predicted

topology is identical to the real one. Its value for a network topology predicted totally at random, i.e. yij D 1=2,
for all i; j D 1; : : : ; G, is

log 1=2  0:7. In the linear network the MxE was 0.042 when fitting the parametric

model and 0.064 when fitting the splines; with Hill interactions the values were 0.41 and 0.22, respectively.

To further understand the differences between the inferred networks under either model, we plot in Figure 3 the
partial and full reconstructions for gene 8’s trace in the non-linear data set, along with the posterior of the corresponding smoothing parameter. Both models provide similar predictions, as illustrated by the full reconstructions
which are practically undistinguishable (Figure 3d). However, the way this fit is achieved varies significantly. As
expected, both models have a very similar fit for the self-regulation (Figure 3a). As the self-interaction is linear, the
splines model fits it by allocating most of the posterior mass of the corresponding smoothness parameter towards
high values, depicted as the solid line in Figure 3e. Gene 8 has one parent with a non-linear interaction and the
splines model is capable of reproducing the Hill functional relationship quite precisely (Figure 3b), by allocating
almost all posterior mass towards small values of the corresponding smoothness parameter, illustrated in Figure 3e
with a dot-dashed line. Obviously, the linear model cannot accommodate such behaviour and may need to include
spurious parents in order to compensate for the lack of fit, as in this case, illustrated in Figure 3c by the dashed
line with a slight positive gradient. In contrast, the splines model does not predict gene 5 as a parent (solid line in
Figure 3c). Notice the mass allocation of the self-regulation link (solid) in Figure 3e: it is basically drawn from the
prior (dashed), illustrating that our specification is adequate for linear relations to be reproduced accurately.
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y8tC1

y8tC1

y8t

y1t

(a) Self

(b) Parent

y5t
(c) Spurious

y8tC1

t
(d) Reconstruction

(e) Smoothness posterior

Figure 3. Partial and full reconstructions of gene 8’s trace using splines (solid) and linear (dashed) models. The circles
represent a scatter plot of the expression values of gene 8 against three potential parents (genes 8, 1 and 5) at the previous
time point. (a) Both models capture the linear self-regulation. (b) The true parent is predicted in both models, while
splines is able to reproduce the Hill functional relationship. (c) The linear model predicts one spurious parent. (d) Trace
reconstruction from both models is almost identical . (e) Marginal posterior distributions of the smoothing parameter
for the self-regulation (solid, prior dashed) and non-linear parent (dot-dashed, prior dotted)

4.2

B IOLOGICAL grn:

THE PLANT

C IRCADIAN C LOCK

In the following sections we focus on a partially known grn, specifically the plant Arabidopsis thaliana circadian
clock. Most organisms have the ability to track time even in the absence of external input (e.g. light). This ability
allows the organism to anticipate and prepare for future events, thus enabling it to optimise the interaction with
the environment. In some cases, such as in Arabidopsis, diurnal period tracking is achieved via a regulatory network
that oscillates with a period close to 24 hrs. This period then propagates through one or more of the core genes
of the clock to target genes responsible for other biological processes (reviews can be found in Harmer, 2009;
Más, 2008; McClung, 2006). The circadian clock is of central importance and has been extensively studied both
experimentally and through mathematical modelling. It has recently been reported to regulate up to 90% of the
Arabidopsis genome under some environmental conditions (Michael et al., 2008). While the circadian clock is able to
maintain oscillations without the need of light, it is known that the period is modified by light exposure, allowing
it to adapt to shorter and longer daylight hours.
Locke et al. (2006) developed an ODE model of the clock, involving around 80 parameters, which we use
below for generating synthetic observations. The current working biological model (McClung, 2008) involves
almost twice as many genes as the mathematical one. Both models include nodes X and Y, representing genes
which are thought to be involved in the circadian clock, but whose identity remains unknown. These networks
are schematically outlined in Figure 4. As usual, genes are represented by nodes and regulation by directed edges
ending either in arrows (positive regulation) or bars (inhibition).

14

4.2. B IOLOGICAL grn: THE PLANT C IRCADIAN C LOCK

(a) ODE model

(b) Functional model

Figure 4. Models of the Circadian Clock in Arabidopsis thaliana. (a) The ODE model of Locke et al. (2006). (b) The
current working model of the clock (redrawn from McClung, 2008). Nodes represent genes known (or suspected) to be
part of the clock. Positive regulation is represented by an arrow and suppression by an edge with a bar end.

4.2.1

D IFFERENTIAL E QUATION DATA

Using chemical reaction kinetics to represent the interaction between an activating protein and its target gene, the
dynamics of gene expression (mRNA) can be represented by an ordinary differential equation. The ODE describes
the rate of change of the concentration of mRNA as a function of the concentration of an activating protein, Yprotein ,
and its own concentration, XmRNA , as:
a
Yprotein
@XmRNA
Dˇ
a
@t
 C Yprotein

˛

XmRNA
;
 C XmRNA

where the parameters fa; ; ˛; g govern the dynamics of the process. For a more detailed description see for
example Alon (2007).
Using coupled ODEs, Locke et al. (2006) developed a mathematical representation of the A. thaliana’s circadian clock that is able to explain the period of the clock under various experimental conditions (see also Zeilinger
et al., 2006). The model accounts not only for the production of mRNA given the concentration of the regulatory proteins, but also for the translation of mRNA into protein and its transport in and out of the cell nucleus.
The network is shown schematically in Figure 4a and consists of 5 genes and 8 connections. Two of the nodes
(PRR7/PRR9 and LHY/CCA1) represent pairs of genes that have the same dynamics and play the same role in
the network. Y is an unknown gene originally introduced to explain the behaviour of the network under certain
experiments, and currently thought to be GI (or possibly PRR5). X was introduced to account for the fact that
TOC1 has been shown experimentally to affect LHY/CCA1, though not through direct interaction.
We generated data from this model using COPASI (Hoops et al., 2006) fixing the light source to be permanently
on. The data was then subsampled, logged and standardised. The resulting data set has 50 time points with a time
spacing of 1 hr and is depicted in the left panel of Figure 6. Given that simultaneous measurement of multiple
proteins is currently very hard, usually only mRNA is available for network inference. For this reason, although
the model outputs protein concentration and location, we used only the mRNA data. We expect the data generated
from this model to be a reasonable reflection of experimental data, not only because it is a continuous time model
with nonlinear interactions, but it also reflects realistic sampling regimes and interaction intensities.
We present the results obtained using the parent-wise connectivity structure (9)–(10). In order to interpret the
output, rather than examining the roc curves we analyse the inferred network at a given threshold. This is more
convenient given that there are only a few genes and therefore a more detailed comparison with the true network
is possible. We plot the number of links included in the predicted network against the posterior link probability
when fitting the linear model, Figure 5a, and when using the splines model, Figure 5b. We use a cross (circle) for a
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correctly (incorrectly) predicted link; for instance, the predicted network with the splines model using a threshold
of 0.85 would have 9 links (circles and crossed with link probability above 0.85 in Figure 5a), seven out of these
correct. It is apparent that the splines model produces a better separation in the link probabilities, classifying all
but one link into two populations: a low probability (below 0.2) and a high probability (above 0.8) group. This
contrasts with the linear model Figure 5a where almost 40% of the links are in the ambiguous region between 0.2
and 0.8.
Using 0.8 as the threshold value, we plot the reconstructed networks for both models in the two rightmost
panels of Figure 5. The inferred network for splines (Figure 5d) contains all links from the correct network (see Figure 4a), except for the TOC1-Y link. There are two spurious links (LHY/CCA1-X and PRR7/PRR9-TOC1) and
two links with incorrect signs (LHY/CCA1-TOC1 and LHY/CCA1-Y). In the cases of links with incorrectly predicted signs, there is either a missing parent (TOC1-Y) or an additional incorrectly predicted parent (PRR7/PRR9TOC1). While having a comparable amount of correct links, the inferred network for the linear model adds a large
number of spurious links to the network. Again, we found cases where the splines model correctly predicts a single
parent using a non-linear interaction, whereas the linear model predicts that link but adds extra spurious links to
adjust the fit (not shown).

(a) LM Links

(b) SM Links

(c) LM Network

(d) SM Network

Figure 5. Network topology inference on the ODE circadian clock data. (a) The number of links predicted to be present
in the network versus posterior link probabilities estimated when using the linear model (LM) and (b) with the splines
model (SM). Crosses (circles) represent correctly (incorrectly) predicted links. (c) The network obtained with a threshold
of 0.8 using the linear model (LM) and (d) when using the splines model (SM). Solid lines represent correct predictions,
dashed lines incorrect predictions and thin lines correct predictions, but with the wrong sign.

4.2.2

E XPERIMENTAL DATA

The data is obtained from a gene expression time series for Arabidopsis leaves generated using microarrays. Whole
leaves were harvested every 2 hrs for 48 hrs, with four biological replicates at each time point. To reduce variability,
the same leaf (the 7th leaf to emerge) was harvested for each sample. This means that the same plant was not
monitored over the entire time series but leaves of 96 distinct plants grown in identical conditions were sampled
(four at each of the 24 time points). Full genome expression profiles of these leaves were generated using CATMA
arrays (Sclep et al., 2007). Data processing and normalisation of the time series was carried out using a pipeline based
on the R package MAANOVA (Wu et al., 2003). Given that the replicates showed some outliers we use the median
of the four bioreplicates as the observed series. We use the same genes as those that appear in the ODE model,
leaving some freedom to choose which genes to use for the ambiguous nodes. For the two genes that represent
pairs, we selected those that showed least variability across replicates (LHY, PRR7). To represent X we chose the
genes amongst the candidates in Figure 4b that showed the strongest signal-to-noise ratio: LUX and ELF4. For Y
we chose PRR5 as it had a stronger signal than GI. The data set used can be seen in Figure 6b.
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(a) ODE data

(b) Microarray data

Figure 6. Time traces of the ODE model and experimental data for the Circadian Clock in Arabidopsis thaliana. (a)
Data simulated with the ODE clock of Locke et al. (2006). (b) Gene expression profiles of Arabidopsis leaves. Data sets
are standardised.

We analyse the output using the parent-wise connectivity structure (9)–(10). The separation between link probabilities is no longer as pronounced as in the synthetic data (see Figure 7a and 7b). This may be due to the combination of a high level of noise and fewer time points. The networks inferred for both models, using a threshold of
0.8, are shown in Figure 7c and 7d. Both inferred networks are very similar, in fact all links predicted by the splines
model appear in the linear model reconstruction. However, the linear model predicts an additional two parents for
ELF4 and an additional three parents for LUX. Amongst those additional links are TOC1-ELF4 and TOC1-LUX,
which while we have marked as correct on the plot (for consistency with Figure 4b), are probably incorrect. Those
links were included in the accepted model as an indication that TOC1 regulates some gene (X) that in turn regulates
LHY, but neither of the genes are predicted to regulate LHY. Furthermore, from the previous examples it is clear
that the linear model tends to add spurious parents.
Noteworthy is that for this data set only very mild nonlinearities are found, while in the previous examples the
splines model found strong nonlinear relations. This could be due to the large time spacing (we have found from
our simulations that hourly sampling is nearly optimal) along with the high level of noise. The mild nonlinearities
help to explain why both models predict very similar networks.

(a) LM. Links

(b) SM. Links

(c) LM. Network

(d) SM. Network

Figure 7. Network topology inference on the circadian clock microarray data. (a) The number of links predicted to be
present in the network versus posterior link probabilities estimated when using the linear model (LM) and (b) with the
splines model (SM). (c) The network obtained with a threshold of 0.8 using the linear model (LM) and (d) when using
the splines model (SM). Solid lines represent inferred links that are included in the currently accepted model (most of
which have been experimentally confirmed) and dashed lines inferred links absent in the accepted model (though not
necessarily incorrect).

One way to assess the accuracy of the splines inferred network topology is to restrict our analysis to the most
extensively studied genes: PRR7, LHY, TOC1 and (less so) PRR5. We can reasonably assume that the connections
between these links are known. As can be seen in Figure 4b, there are 6 connections amongst these genes. The
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Figure 8. Uncertainty in Arabidopsis circadian clock gene network reconstruction. On the left, a heatmap of the
distribution of the number of parents for each gene in the clock, estimated using microarray data with the linear (top)
and splines (bottom) models. On the right, a heatmap with the marginal probabilities of the top four potential parents.

splines model predicts 5 connections, of which 3 are correctly predicted. Both of the incorrect predictions appear
for genes that are missing a link in the inferred networks, indicating that the model has found the wrong parent
rather than overfitting with more parents than necessary. Neither candidate gene for X (LUX and ELF4) regulates
LHY, which would be evidence supporting the hypothesis that one of them is the unknown gene. On the other
hand, these genes were proposed to be X as they are known to be involved in the clock and have some effect on the
system, so the predictions can serve as a working hypotheses for determining the role they play within the network.
For network reconstruction, we have used a threshold in the examples above, fixed rather arbitrarily. Moreover,
as our reconstruction is based solely on the individual link marginal probabilities, possible correlations between
these are disregarded. In order to provide a graphical representation of the uncertainty in our network retrieval,
in Figure 8 we plot a heatmap with the distribution of the number of parents for each gene in the clock (left),
together with a heatmap with the marginal link probabilities of its top four potential parents (right). These complementary sources of information render a picture of the uncertainty in the retrieval of the network topology. For
instance, the splines model predicts one parent for LHY with very high probability and there is only one potential
parent with high marginal probability, suggesting a very confident prediction; in contrast, the linear model predicts
one or two parents with a mild probability (and three with a very slight probability), while one of the potential
parents has a high marginal probability, there are two more with intermediate marginal probabilities, suggesting an
ambiguity in the identity of the second potential parent. Overall, when comparing the linear with the splines predictions, there is shift to the left of the distribution for the number of parents from the splines model, strengthening
the evidence of overfitting with the linear model. Likewise, marginal link probabilities from the splines model seem
to be higher within a smaller number of potential parents, thus suggesting a decrease in the uncertainty in topology
retrieval, compared to the linear model.

5

D ISCUSSION

In this paper we have presented a fully Bayesian implementation of P -spline based inference of a dynamic Bayesian
network within a sparse connectivity context. Our application is the inference of a grn from longitudinal data,
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for instance from microarray time series data. Despite being capable of measuring up to tens of thousands of
genes simultaneously, microarray time series are typically shorter than 20 time points, a consequence of their high
cost and the experimental difficulties in obtaining high time resolution. This introduces significant problems for
analysis and modelling, particularly as it limits the complexity of the models that can be used. We addressed
this issue through use of spike-and-slab type priors that, by penalisation implicit in model complexity, limits the
connectivity of the grn. Within this context we are able to increase regression model complexity, providing
methods for exploring whether nonlinear regulatory mechanisms are present in time series data. Our approach
is to exploit the flexibility of splines to model arbitrary nonlinear relationships within a first order autoregressive
process. We developed a fully Bayesian approach implemented in a (parallelised) mcmc algorithm, and provide
appropriate priors such that posterior propriety holds. We found that nonlinear interactions could be successfully
identified on simulated data (both discrete time and ODE models), the corresponding inferred grn under a linear
model typically acquiring additional parents, (Figure 3), these incorrectly predicted parents improved the fit to
a similar quality to that achieved by the P -splines model. The P -splines model also enhances network sparsity
since an additional parent under a splines regression model incurs a greater penalisation than a parent with a linear
functional dependence model given its higher (model) complexity; thus even when the links are actually linear there
is stronger control on the number of parents. This compares to artificially imposed parent number penalisation,
for instance through an arbitrary weighting exp . n/ for n parents, as in Kim et al. (2004).
Use of splines in inference requires handling of their functional flexibility. Firstly, there are two fundamental
parameters that define the spline basis —the degree of the spline and the number of knots. The choice of a third
degree spline is relatively natural and given that we have second order penalties on the coefficients, in the limit as
 ! 1, a straight line is obtained. Selecting the number of knots is not as straightforward, but depends on the
number of time points and the relationship of the time resolution to the time scales in the dynamics. As illustrated

by Theorem 1, a large number of knots can affect the stability of the sampler by rendering posteriors close to
impropriety; on the other hand, a small number of knots can seriously affect the flexibility of the spline. We
recommend that the number of knots is much smaller than the number of time points; here we presented results
using 10 knots for a time series with 40–50 time points. We found that doubling the number of knots (20) gave severe
problems in the mixing of the chain, while using a smaller number (7) gave similar results. Secondly, the functional
flexibility within the spline basis needs to be controlled; specifically spline degrees of freedom must be constrained
since otherwise an interpolating spline will be fitted. We use a second order penalisation method that effectively
controls the spline curvature. This entails choice of the value of the smoothing parameter ; previous authors
have optimised and fixed it before estimating the regression. We propose a fully Bayesian approach, inferring it
concomitantly with the regression. Choice of the prior for  is vital since it must allow for cases of both linearity
and the levels of nonlinearity implied by the data. The commonly used conditionally conjugate gamma prior
specification is not able to meet both these requirements; we propose the use of an inverted Pareto, which only
requires truncating the conditional posterior obtained in the conjugate case. The sole remaining problem is then to
fix the value of the cut-off value of the inverted Pareto prior, which can be interpreted as that value after which the
fit of the spline is linear. We used a sensitivity analysis to confirm our prior is sufficiently weak, whilst the presence
of predicted linear regulatory links in the inferred network was confirmation that our cut-off was in fact sufficiently
high. Network connectivity and spline smoothness were regression/gene specific; this allowed for heterogeneity in
the nonlinearity and parent number across the network.
In biological applications it is known that many regulatory mechanisms are nonlinear (Alon, 2007). However,
many grn inference methods use linear models of regulation or implement a restrictive type of nonlinearity, e.g. via
data discretisation and logic gates (Bulashevska and Eils, 2005). Our semi-parametric model thus enables the key
question of whether nonlinearity is an important factor in the grn to be addressed. Available gene expression
longitudinal data for network inference typically comprises 10–100 genes with 10–40 time points, with or without
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replicates. By standardising the data, the issues facing prior choice are reduced and a generic set of spline parameters
will probably work in most cases. Specifically cubic splines with 10–15 knots and an inverted Pareto prior with

shape parameter in (1,2) and a cut-off in 103 ; 104 . A sensitivity analysis in the inverted Pareto prior parameter is
essential, possibly performed on a subset of the data for increased speed, whilst sensitivity to the number of knots
is recommended.
Our algorithm took 2.7 hrs to run 105 iterations with the nonlinear synthetic data (G D 16, T D 40,   0:1)

and scaling is likely to be quadratic in the number of genes and number of potential parents, and linear in the

number of time points; for instance, fitting a microarray gene expression data set —not shown— with G D 30
and T D 37 (O  0:15) took 20 hrs for the same run length. Thus, for data sets with a large number of genes a
parallel algorithm is available which reduces computation time approximately linearly in the number of cpu-nodes;
for instance, using 31 cpus the former data set took 28.6 mins and the later 3 hrs.
Our P -splines model can be extended and modified for specific purposes. Firstly, we model only direct, firstorder filiation, i.e. single-parent–child relations. It is well known that for some processes two or more genes need to
bind together in order to affect a set of target genes. One can extend the present model for allowing higher degree
interactions, e.g. by using tensor product splines. The main hindrance would then be the combinatorial growth of
the topology space, and efficient methods for exploring it must be devised. Secondly, spline coefficient shrinkage
can be performed in a number of ways. We argue that a second order process is natural, given that it constrains
function curvature, and thus incorporates linear relations as a special case. However, additional constraints can
be used, including a further term on the prior for the spline coefficients, N.ˇ j 0; !H/, with H derived from the
first order differences of adjacent coefficients. This effectively penalises large first order differences and favours less
jagged curves, depending on the value of ! > 0. Additionally, the shape of the functional form the spline may take
can also be further restricted. For instance, many gene regulatory effects are monotonic. Extending the model to
include monotonicity restrictions is feasible by providing such information through a prior (Ansley et al., 1993).
Finally, the splines model can be utilised to infer the functional form of the regulation, and coupled with current
biological knowledge, serve as a basis of a tailor-made parametric model.
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